
Math 4650[Topic 1- Properties of the real numbers



D A field is a set F with two

operations ,
addition and multiplication,

such that :

(A1) If X
,Y

EF
,

then X + y EF

(A2) For all X ,YEF,
we have x+ y = y + X

(A3) For all X, Y ,
ZEF

,
we have x + (y + z) = (x+ y) + z

(A4) F contains an element O Where

0 + X = 0 for all X-F.

(AS) For every XeF there exists an element

-XEF where x + (-x) = 0 .

(M1) If X ,Y
EF

,
then XyEF.

(M2) If X ,Y - F
,

then Xy
= Y X

(M3) If X, Y ,
ZEF

,
then x (yz) = (xy)z

(M4) F contains an element 1 where 10

and 1x = X for all xF

(MS) If XEF and X O then there exists

an element XEF where XX' = 1
.

(D1) If X, y ,
zEF,

then x(y + z) = xy + xz



Ref: An orderedfield is a field F

along with a relation < on F where

1011 If X, Y EF ,
then one

and only one

of the following is true :

x(y ,
x = y ,

yax

(02) If X
, Y ,

ZEF with x<y
and YSE,

then XZ .

103) If X , Y ,
zEF and y

<z
,

then x+ y < x +z

(04) If X , yeF with X>0 and Y70 ,

then Xy > 0.

-

#sumption:Wewill assumethat,

and that it is an
ordered field.

-E IR

idides

From the ordered field properties



one is able to derive all the

usual algebraic and order properties

of I that you
are used to

We will assume all these usual

properties.

If you
want to see how to derive

them see
the optional Topic 1 a

notes on the website.

-

If there is time at the end of the

semester I will show you how to

construct IR from using
derive

"Dedekind cuts . " We can then

the field and order properties .

-

Leef: (Interval notation

(a,
b) = Ex(XER ,

acxb]

(a , b] = EX(x - (R ,
a = X = b] 1111

[a , b) = EXIXER ,
a = X < b] ca

(a , b) = Ex)xER ,
a < x = by m



We will also assume the following subsets

of I have their usual algebraic/order properties

set of natural numbers :

N = 50 ,
1

,
2

,
3
,

4
,

5, ... )

set of integers :

z= d ...
- 3

,

-2
,
-1

,
0
,

1
,

2
,
3 .... ]

set of rational numbers :

a = de (m ,
nez ,

n + 0]

-

are some
other assumptions

There
we will make,

namely that IR

satisfies the "completeness
axiom"

Let's develop this next.



let Let SER where
S is non-empty .

· We say that b is an upper bound for S

if X = b for all XES.

If there exists an upper bound for S

then we say that S is bounded from above.
-

· If b is an upper bound for S and

beC for all other upper bounds cof S,

brund

then b is called the least upper
-

for soeme
ofaa

-

· We say that b is a lower bound for s
-

if beX for all XES .

· If there exists a lower
bound for S

then we say that S is bounded from below .

-

· If b is a lower bound for S and

bounds a of S,
b12 for all other lower

then b is called the greatest lower bound
-

for S ,
or infimumof S

,
and we

-

write b = inf(S)



Ex: S = (2, 5] US1)
S IR

D' 16o
.
237

&

+ ↑M
Sup(s) = 5 these are

inf(s)= 1
all upper

these are
bounds for S

all lower

bounds for

:S = [0, n)
S

ItI
↑

inf(s) = 0

S is bounded from below with inf(s) = 0.

S has no upper
bound ,

so sup(s) does

-texist .

The rem: Let SER with SFP

If soo(s) exists then it is unique

If inf(s) exists then it is unique .

roof: HW



TheCompleteness Axion for IR

you only have

to assume this

part of the

completeness·tomaxiom ,
The

about inf's
be

can

then inf(s) exists in IR.

provefrom
it See

7 the proof
at the

end of these

notes.
S is bounded from above. L
sup(s) = 2 is in IR

S is bounded from below-seamed
field but it doesn't

inf(s)= 0 is in IR

-

satisfy the completeness axium.

S =EX/XEC ,
0xx,

X
=> 2] is bounded from above

itM

but the supremum
is2 which is not in Q

-



↳orem(Archimedeanprota
a

Then there exists neIN with X an

#623

:
nEIN -

Suppose there exists XER where nex for all

-

Then INEIR is bounded from above.

By the completeness
axiom d = sup(N) exists.

Then ,

d-1 is not an upper
bound for I.

So there exists neI with d-1n .

But then
+LEI

and dent .

This contradicts d = sup (IN) . #

-



Ex: Let S = En/neNY = Ekt , + ....]

↳
We see that O is a lower bound for S

.

Thus by the completeness axiom,

inf(s) exists in IR .

Is O the infimum of S ?

Let's make a theorem to help us .



Theorem : (Inf-sup Therrem/

-

Let S & IR be non-empty .

(a) Suppose
b is an upper

bound for 5.

of S

Then ,
b is the supremum

if and only if for every 0

there exists XeS satisfying

b - 2<X = b
.

S X IR

+
b - E b

(b) Suppose
b is a

lower
bound for S.

Then ,

b is the infimum of S

if and only if for every
so

there exists
X-S satisfying

b 1 X < b + E

S

IIIIII



#outof Cal use
an reper

bound for s and

suppose
b is the supremum

of S
.

Let 270 .

Since
b-2 b and b is the

least reper
bound for S we

know that b-d is not an

upper
bound for 5.

Thus there exists
XES with

b-3X.

Since b is an upper
bound for

we also have X = b.

Thus ,

b-2 < X E b.

(8) Let b be an upper
bound for s and

suppose
that for every

30 there

exists Xe S with b-3)X-b .

Let's show that b is the supremum
of S.

Let a
be any

real number with cab .

Let's show that I can't be an upper

brund for S .



Let 2 = b - c > 0.

By our assumption ↳
there exists XeS

with b-E < X = b

So
,

<X with XeS .

Thus, c is not an upper
bound for S

bound

There fore ,
b is the least upper

for S .

-
The proof of (b) is similar to (a).

#



E: Let S = EFIneIN]

↳
We know that O is a

lower
bound

for S since
Of for all MeI.

Let's show that O = int(s) .

Let EJO . =
We need to find

XES with
02X70tE .

Pick MoEI with not
1 E

Then
, no

Set X =s

Then ,

XES and 02X0 + 5.

theorem
we

Thus ,
by the inflore

haveThat
= int(s) .



Jef: Let XelR .

The absolute value of X is

-

if X >
,

0

-



Seuremi.)

F
-

Let a,
b

,

CEIR with 0
.

Then :

① labl = (a) . 16

②I
if b + 0

③ lalC
iff -ca-

iff -
<

① lak

⑤ <Triangle inequality) la + bl[(al + 1b

Kal-1b1-la-b
-rot:

-D Hw

③
(E)) Suppose lal C.

ac - a = (a) C .

If a <o
,

then
- apa = (a) C

If a 70 ,
then

In both cases we get a
and -ac .

Thus ,
- ca[C .

-

comes

from
- a =C



(4) Suppose - ca = C
.

Then
,
-ca and a t c.

So
,

- a = c and a <C .

-to part 3.

-

⑤ Note first that if XEIR,
then

I x = (x1 .

Thus by taking c = /X

in part 3
,

we get -(x) + X = IX1 .

This given
a

,
bERR we have

- lalzad(a)
and - 1b1*b = (b)

Adding these two inequalities gives

- ((al + (b))2a + b = (a) + 131 .

Thus ,
by part 3 again we

have

bal
+ 161 .

⑥ HW .

-#



intty used fact is this :

Corollary
Tx

, y,
EER with E70 .[Then :

I x-y/
iff y -3x

< y + a

Xeroof:

|x- y 1 E part3of ecorem⑪ift-Xa
⑭

Picture
of corollary :

VIDtaScy
- E

11

Ix-yk2 means X & y
are within a distance

of each other



We will frequently write :

oc(x- y)E

Note : 0 < (x-y) means XFY .

Thus ,

Os(x-y1 > & looks like this :

111111111+ E

y - E

11



Morem: (Q is dense in IR)

WGiven a,
bel with a < b

,
there exists

* Ch with <
b.

-
↓of :

there exists

By the Archimedean property

new withFath

So,

ab-a .

can: There exists met with m-1 InaFina

R .

By
smallest

Set m = k ↑

Now suppose na < O.

I

Let k be the smallest natural number

with-nack . < MLettingM = - M+ 1 we get m -l ena

I
Sincea yo

we get a st



Also,

mana + 1(n(b-) + 1 = nb

P

⑭na + b - a

implies

So,

↑

⑮ Im
ab giving

.

#
Hence

a b.

-



Therem: Given a
,
be IR with a < b

there exists an irrational number X

with acX < b.
are RR- Q

irrational numbers - 3show for example

&so4S YoNational.

rat
:

34 So
,

the set (a ,
b) is uncovetable .

From

Since Ch is countable,
we

know
Cl(a ,

b)

is curntable
since its

contained in Ch.

Thus,
(a ,

b) -
Or(a ,

b) #0.

Let
x((a ,

b) -
Cn(a ,

b) .

~ex
is

irrational
and a <xa



This next part is optional.[It shows we only had to assume

half of the completeness axiom



Suppose we only assume the following

part of the completeness axion for R ·

subset of
If A is a non-empty

bounded from above,WIR that is

then sup(A) exists in IR

We now show that this will imply the following :

subset of
If B is a non-emptyWIR that is bounded from be low,

inf (1) exists in IR
then

proof : (from Rudin's book

TBERwithBm
below.

Suppose

Let

L = 5y/3ER and y
is a

lower
bound for B).

By assumption
LFP

Note that if XeB then yeX
for all yel .

Since
BFP this implies that every

X in B is an upper
bound for L



Since LF0 and bounded from above

we know that < = sup(2) exists in R.

We will show that d is the intirum of B

If USL then by def of supremum

We must haveI is not an upper

bound for L

So
,

if Ud then UKB.

Thus,=X for all XB.

Therefore,
a is a

lower bound for B

and xEL .

Why is d the greatest lower bound for B ?

Suppose p
satisfies <B.

of L

Then,
since

a is the supremum

we must have that BAL .

that is
,
if di

then B
is not

a lower
bound for B .

So all lower bounds B
for B

must satisfy B12 .

#

Merefore
d = inf(B) .


